The elastic, two-component algorithm is the most common inversion method for retrieving the aerosol backscatter coefficient from ground-or space-based backscatter lidar systems. A quasi-analytical formulation of the statistical error associated to the aerosol backscatter coefficient caused by the use of real, noise-corrupted lidar signals in the two-component algorithm is presented. The error expression depends on the signal-to-noise ratio along the inversion path and takes into account "instantaneous" effects, the effect of the signal-to-noise ratio at the range where the aerosol backscatter coefficient is being computed, as well as "memory" effects, namely, both the effect of the signal-to-noise ratio in the cell where the inversion is started and the cumulative effect of the noise between that cell and the actual cell where the aerosol backscatter coefficient is evaluated. An example is shown to illustrate how the "instantaneous" effect is reduced when averaging the noise-contaminated signal over a number of cells around the range where the inversion is started.
Introduction
While it is recognized that atmospheric aerosols have an important effect on the Earth's radiation budget, their quantitative contribution to the surface radiative forcing still has one of the largest uncertainty values among those of the different forcing factors [1] . In recent years a big effort has been devoted to reduce this uncertainty through systematic measurements by, generally speaking, in situ and remote sensing techniques. In this respect, lidars offer the unique capability of providing height-resolved aerosol measurements, which is a necessary feature to improve the assessment of the aerosol effect in the radiation balance. Aerosol lidar networks operating in a coordinated manner, and frequently associated to other in situ or remote sensing instrumentation, are implemented or underway to provide continental-scale four-dimensional (space-time) information on aerosol distributions (e.g., see Refs. [2, 3] ). It is expected that the spatial coverage is extended through existing actions to integrate the regional aerosol lidar networks into a global system [4] . At the same time, space-based lidars, like the Cloud-Aerosol Lidar and Infrared Pathfinder Satellite Observations (CALIPSO) [5, 6] mission, are already providing global, albeit nonsimultaneous, information on aerosol and cloud distributions, and this capability will be increased with future systems (e.g., Refs. [7, 8] ).
In this global lidar aerosol sensing scenario of cooperation between space-based instruments and ground-based coordinated networks, data quality is a requirement for lidar measurements to have a significant effect in atmospheric models and in the retrieval of aerosol microphysical properties. Therefore, there is no doubt that ground-based, elastic, backscatter lidar systems, still the most common lidar systems used at the present time, and spacebased, elastic, backscatter systems have to be fully characterized in terms of error budget. The traditional way to retrieve the aerosol backscatter coefficient from signals from such systems goes through the use of the so-called two-component algorithm [9] [10] [11] . Prior to the results from Refs. [9] [10] [11] , several authors had significantly contributed to the establishment of the first solution of the elastic lidar equation known as the single-component algorithm [12] [13] [14] , which was deduced from the first measurements of rain intensity, equivalent to aerosol concentration in lidar terms, by radar in 1954 [15] . The stable analytical solution (still in the single-component version) of the lidar equation was formulated for the first time in Ref. [16] . Since then, many studies have investigated the effect of both assumptions necessary to solve the two-component algorithm: the boundary value [17] [18] [19] [20] [21] and the extinction/backscatter ratio profile [20, 22, 23] .
When dealing with real, noise-corrupted lidar signals, it is important to be able to quantify the error caused, not only by the two previous assumptions, but also by the effect of noise on the used algorithm. Comerón et al. [24] formulated the statistical error caused by noise contaminating real-life signals on the total backscatter coefficient retrieval by the single-component algorithm. However, the singlecomponent algorithm is not widely used in practice since it does not distinguish between molecules and aerosols. The purpose of this paper is to generalize the results from Ref. [24] and to propose a quasianalytical formulation of the statistical error limits of the aerosol backscatter coefficient retrieval for the two-component algorithm due to noise-corrupted signals.
Section 2 examines the differences between the single-and two-component algorithms. Section 3 gives the quasi-analytical formulation of the statistical error provoked by noise-corrupted signals on the backscatter coefficient retrieval with the twocomponent algorithm. Section 4 illustrates with real data the result found in Section 3. Conclusions are presented in the last section.
Single-Component and Two-Component Algorithms
In the late sixties the single-component algorithm [12] [13] [14] was formulated in terms of backscatter coefficient β as a function of the range R and the received power as
where PðRÞ is the power received from range R, R m is the range from which the inversion is started, β m ¼ βðR m Þ is the boundary condition, and SðRÞ ¼ αðRÞ= βðRÞ, the so-called total lidar ratio, is the ratio between the atmosphere total extinction coefficient αðRÞ and the total backscatter coefficient βðRÞ. Following the results from Ref. [16] , Eq. (1) is a reformulation of Eq. (9) from Ref. [14] after switching the integration bounds R and R m of the integral in the numerator, and changing the sign in front of it. In the two-component algorithm [9] [10] [11] the effects of the molecules and of the aerosols are considered separately:
where β a ðRÞ represents the aerosol backscatter coefficient, β R ðRÞ the Rayleigh (molecular) backscatter coefficient (which can be assumed to be known), and S a ðRÞ ¼ α a ðRÞ=β a ðRÞ the aerosol lidar ratio given by the ratio between the aerosol extinction coefficient α a ðRÞ and the aerosol backscatter coefficient β a ðRÞ. This is indeed the solution that is usually employed by the lidar community to retrieve the aerosol backscatter coefficient when dealing with ground-based backscatter elastic lidars pointing in a single direction and no Raman measurements are available.
Even though the single-component solution as formulated in Eq. (1) can lead mathematically to the same results, in practice it requires the knowledge of the total lidar ratio, SðRÞ, which is harder to guess than that of aerosols and less useful in practice.
Retrieval in the Presence of Noise

A. General Expression
In Ref. [24] the retrieval in the presence of noise was considered for the single-component algorithm. In what follows the results are generalized for the two-component algorithm case. In a general real situation the photoreceiver output is corrupted by noise and will be proportional tô
where nðRÞ represents the instantaneous "power noise" affecting the measurement at range R. As in Ref. [24] it is assumed that in general nðRÞ can be made a zero-mean process that can therefore take positive and negative values, by subtracting the bias terms from the signal at the output of the photoreceiver. The magnitude retrieved with the algorithm given by Eq. (2) is thenβðRÞ. By substituting Eq. (3) into the expression ofβðRÞ, one obtains after going through some algebra
At this point we compare Eq. (4) with the equivalent one in the error analysis for the singlecomponent algorithm, Eq. (4) in Ref. [24] , renamed β sc ðRÞ in order to avoid confusion and which is repeated here for the reader's convenience with the variable change CðzÞ ¼ 1=SðzÞ:
We note that both expressions are formally identical if we take into account the correspondences stated in Table 1 
B. Standard Deviation of the Noise Terms
If nðRÞ is a zero-mean process, nðRÞ=PðRÞ, then ζ m ðRÞ and ζ i ðRÞ are zero-mean random variables for a given R as, for all their apparent complexity, their defining expressions, Eqs. (7) and (8), are but linear operations on nðRÞ. The standard deviation of nðRÞ=PðRÞ is obviously σ n ðRÞ=PðRÞ, with σ n ðRÞ being the standard deviation of nðRÞ, and clearly represents the noise-to-signal ratio at range R. The term ζ m ðRÞ represents the effect of the noise in the boundary cell where the inversion is started. Calling σ nm ¼ σ n ðR m Þ and using a procedure parallel to that employed in Ref. [24] , the standard deviation of ζ m ðRÞ can be cast as
which shows the stabilizing effect of the backward algorithm also in the effect of noise in that the exponential function will be progressively lesser than 1
for decreasing values of R < R m . This effect, however, will be small for optically thin atmospheres. The term ζ i ðRÞ corresponds to the effect of noise integrated along the retrieval path. Under the reasonable assumption that noises in different resolution cells are uncorrelated, which will occur if Δτ ≥ 1 2B , with Δτ the sampling period of the acquisition system and B the photoreceiver bandwidth, we can approximate [24] 
and reasoning along the same lines as in Ref.
[24] the standard deviation of ζ i ðRÞ can be shown to be
This equation can alternatively be written
C. Error Bounds
Calling, for the sake of notation simplicity, ηðRÞ ¼ nðRÞ=PðRÞ and ζðRÞ ¼ ζ m ðRÞ þ ζ i ðRÞ, the estimated aerosol backscatter coefficient is, from Eq. (6),
We call
Note that the mean of lðRÞ is not zero, which makeŝ β a ðRÞ biased.
The interval ðβ a ðRÞ; β a ðRÞ þ l u βðRÞÞ in whichβ a ðRÞ is found with a certain probability p u is calculated by (14) is found with probability p u . The probability p u is calculated as the integral of the joint probability density function of ηðRÞ and ζðRÞ over the shadowed area in Fig. 1 , limited by the lines
Under the approximation represented by Eq. (10), ζ m ðRÞ and ζ i ðRÞ can be considered uncorrelated, because the weight of any random variable nðzÞdz in the integral in Eq. (8) is infinitesimally small. From a physical point of view this approximation means that we consider negligible the effect of the noise in a resolution cell as compared to the linear combination of noises in many other resolution cells. We will assume in addition henceforth that nðRÞ is a Gaussian stochastic process to a good degree of approximation. Actually the noise sources of a photoreceiver can be broadly classified into shot noise and thermal noise. Thermal noise can be represented by a Gaussian process, and, if the rate r s (photons=s or charge carriers=s) of a shot-noise source is high enough compared to the system bandwidth B, shot noise can also be approximated by a Gaussian process [25] . We will assume that the shot-noise sources, including the flow of incoming photons, satisfy this condition. Hence the random variables ζ m ðRÞ and ζ i ðRÞ follow a joint Gaussian law because they are obtained as the result of applying linear operators to the basic Gaussian process nðRÞ [26] , and their sum ζðRÞ is also a Gaussian random variable. Its standard deviation is σ ζ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi σ , and its mean is zero because ζ m ðRÞ and ζ i ðRÞ are uncorrelated zero mean.
For similar reasons, ηðRÞ and ζðRÞ can be treated as uncorrelated, zero-mean random (except in the particular but virtually irrelevant case that R ¼ R m ) and jointly Gaussian variables. Since they are uncorrelated, their joint probability density function is given by 
According to the standard deviation values discussed in Subsection 3.B, σ η ¼ σ n ðRÞ=PðRÞ (the explicit dependence on R of σ η is dropped in the notation for simplicity). The probability p u is then given by
which can also be written as
Given a value, Eq. (18) can be solved for the corresponding l u value.
Likewise it can be shown that the interval ðβ a ðRÞ À l l βðRÞ; β a ðRÞÞ in whichβ a lies with probability p l is found by solving for l l the equation
It can be shown that if σ ζ ≪ 1 and l u ≪ 1, l l ≪ 1,
, in agreement with the classical (perturbational) error propagation method, in which assuming a small value of σ ζ we would have approximated ð1 þ ηÞ=ð1 þ ζÞ ≈ 1 þ η À ζ.
Example
The error limits resulting from the calculation of the standard deviations of ηðRÞ and ζðRÞ in the case of the two-component algorithm are illustrated by using the same input data as in Ref. [24] . The photoreceiver electrical bandwidth was 10 MHz, and the output was digitized at B ¼ 20 megasamples=s (hence Δτ ¼ 1 2B ), yielding a range resolution ΔR ¼ 7:5 m. Other technical details about the instrument used can be found in Ref. [24] . The lidar profile was acquired at the wavelength of 1064 nm. Figure 2 shows the noise-contaminated lidar range-corrected signal between 600 and 6180 m. Several aerosol layers are clearly observed until 4900 m approximately; we assume that the atmosphere is purely molecular above that distance. As in the last figure of Ref. [24] , we explored two cases depending on the number of resolution cells, N, used to average the values ofPðRÞ around R m and to forcePðR m Þ to this average value: N ¼ 1 (no average) and N ¼ 17 (average between R m − 60 and R m þ 60 m). A constant aerosol lidar ratio value of S a ¼ 50 sr was used to perform the inversion, and β m was taken according to the molecular atmosphere model proposed in Ref. [27] for the 1064 nm wavelength under standard conditions of pressure and temperature. Note however that we are not emphasizing the physical characteristics of the atmosphere for this particular case -whether the aerosol lidar ratio accurately corresponds to the actual situation or if corrections to β m should be made to take into account departures of the actual atmospheric conditions from the standard ones-but rather the mathematical aspects of the effect of noise on the inversion. In this respect, note also that although a constant lidar ratio is used in the example, the formulation allows for a function with an arbitrary dependence on range that could be employed if by some means information on the lidar ratio is available.
The standard deviations of η, ζ m , and ζ i -σ η , σ ζ m , and σ ζ i -are represented in Fig. 3 . Note that the number of cells N only affects σ ζ m . As the range decreases, the signal-to-noise ratio increases, therefore σ η decreases, as shown in the figure. Instead, by averaging over N ¼ 17 cells around R m , σ ζ m decreases by a factor of 4 to 5 compared to the initial value when no average is performed (N ¼ 1) , to a value around 0.05. In that case, the approximation σ ζ m ≪ 1 can be made as Fig. 4 also shows. As expected, the term σ ζ i is very small compared to the other two standard deviations. Figure 4 shows the aerosol backscatter coefficient and its error bounds in a 68% confidence interval found by setting p u ¼ p l ¼ 34% (to maintain a common criterion with the probability of one standard deviation of a Gaussian probability law below and above the "true" value, usually employed to define error bars in classical error-propagation approaches) for N ¼ 1 (Fig. 4(a) ) and N ¼ 17 (Fig. 4(b) ). The "true" value has been taken as the central profile in the family of 17 profiles obtained when the inversion starting range is varied from 6000 to 6120 m with N ¼ 17.
In Fig. 4 (a) the asymmetrical behavior of the error bounds is clearly visible, because the value of σ ζ for N ¼ 1 varies around 0.25, which cannot be considered small compared to 1. However, when N ¼ 17 (Fig. 4(b) ) the upper and lower error bounds are almost perfectly symmetric, since σ ζ ≈ 0:05 ≪ 1, and classical error propagation is justified. In the case presented here, the error bars on the aerosol backscatter coefficient are lower than 15% below 5000 m and lower than 7% below 4000 m, where the signal-to-noise ratio is around 11 and 42, respectively. When averaging the values ofPðRÞ around R m to reduce the effect of noise in the cell from which the inversion is started, the effective value of σ nm is divided by ffiffiffiffi ffi N p . However, when proceeding in this manner one cannot indefinitely increase N to decrease σ nm as the maximum allowable number of averaged cells is limited by the dependence on R of the received power being well approximated by a linear law through the range covered by the N cells [24] . In practice the linear approximation will be safely satisfied if NΔR does not exceed a few hundreds of meters. More sophisticated approaches, like adjusting a theoretical molecular backscatter profile to the measured one, can be used to filter out noise affecting the starting cell [28] .
Conclusions
Expressions have been derived for the calculation of statistical error bounds for the aerosol backscatter coefficient retrieved by the two-component lidar inversion method. The expressions depend on the signal-to-noise ratio along the inversion path and take into account "instantaneous" effects (the effect of the signal-to-noise ratio at the range where the aerosol backscatter coefficient is being computed) as well as "memory" effects, namely, both the effect of the signal-to-noise ratio in the cell where the inversion is started and the cumulative effect of the noise between that cell and the actual cell where the aerosol backscatter coefficient is evaluated. The standard deviations of the random variables representing these effects allow assessment of their relative importance. The utilization of these expressions has been illustrated with an example on real lidar data. Although the example presented has been done on the two-component algorithm (backward) and on data obtained from a ground-based, upward looking lidar, the formulation developed in this paper is also valid for the forward solution of the elastic lidar inversion and for any line of sight. They are also valid for signal-to-noise ratio situations in which a perturbational classical error propagation approach would not be valid (although they reduce to error propagation results for low enough standard deviations of the noise terms). It has been shown how the effect of the signal-to-noise ratio at the range where the inversion is started can be reduced by averaging the noise-contaminated signal over a number of cells around that range.
The method presented in this paper permits assessment in a quantitative manner the statistical error produced on the retrieved aerosol backscatter coefficient when inverting noise-corrupted lidar signals. With the quasi-analytical formulas supplied in this paper, the calculation of the error produced on the aerosol backscatter coefficient retrieval from noise-corrupted lidar signals only requires a simple program dedicated mainly to solve Eqs. (18) and (19) .
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